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Abstract 

In Part I the F-series of jll| are adapted so that they give solutions 
for certain resonant systems of Gel'fand-Kapranov-Zelevinsky hypergeo- 
metric differential equations. For this some complex parameters in the F- 
series are replaced by nilpotent elements from a ring 7?.a,t- The adapted 
T-series is a function ^t,i3 with values in the finite dimensional vector 
space Ua.tSjC . Part II describes applications of these results in the con- 
text of toric Mirror Symmetry. Building on Batyrev's work Q we show 
that a certain relative cohomology module H n (T rel Z s _i) is a GKZ hy- 
pergeometric ©-module which over an appropriate domain is isomorphic 
to the trivial ©-module TLk.t ® Or, where Or is the sheaf of holomor- 
phic functions on this domain. The isomorphism is explicitly given by 
adapted F-series. As a result one finds the periods of a holomorphic dif- 
ferential form of degree d on a d-dimensional Calabi-Yau manifold, which 
are needed for the B-model side input to Mirror Symmetry. Relating our 
work with that of Batyrev and Borisov Q we interpret the ring IZa.t as 
the cohomology ring of a toric variety and a certain principal ideal in it 
as a subring of the Chow ring of a Calabi-Yau complete intersection. This 
interpretation takes place on the A-model side of Mirror Symmetry. 
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Introduction I 

A GKZ hypergeometric system ]TT[ | depends on four parameters: two positive 
integers N and n, a set {ai, . . . , aw} of vectors in Z n and a vector (3 in C™. The 
standard assumptions [O are 



Condition 1 Q ai, . . . , ajsr generate a rank n sub-lattice M in II 1 
3 < G Z nV suc/i i/iorf < ■ = 1 (i = 1, . . . , N) 



(1) 
(2) 



The GKZ system with these parameters is the following system of partial dif- 
ferential equations for functions $ on a torus with coordinates v\, . . . , vn'- 



(3) 




= for £ e L 



where (|^) is in fact a system of n equations and 



:={£= (h 



a N = } . 



(4) 



(5) 



Some of the above data are displayed in the following short exact sequence in 
which A denotes the linear map A : Z N -> Z", A(X) = Aiai + . . . + \ N a N . 











(6) 



We are going to construct solutions for GKZ systems with /3 G M . Of special 
interest for applications to mirror symmetry are the cases @ — and [3 = — do 
with ao as in the definition of reflexive Gorenstein cone (definition^). 

The idea is as follows. Gel'fand-Kapranov-Zelevinskii give solutions for 
©"@ m ^ nc f° rm of so-called T-series 



V/ 



l ,C n rcsp. 



i: II r ... .. 

C nV denote spaces of column vectors resp. row vectors. 



(7) 
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r is the usual T-function, I — [t\, . . . ,£nY € L C Z . The series depends on 
an additional parameter 7 = (71, . . . , jnY € which must satisfy 

7i0i + . . . + -fN^N = (8) 

Allowing the obvious formal rules for differentiating such T-series one sees that 
the functional equations of the T-function guarantee that (0) satisfies the differ- 
ential equations (Q) and that condition (||) on 7 takes care of(§). The issue is to 
interpret the T-series as a function on some domain. In order that (Q) can 
be realized as a function 7 must satisfy more conditions. Gcl'fand-Kapranov- 
Zclcvinskii obtain convenient conditions from a triangulation T of the convex 
hull of {ai, . . . , oat}. However, if (3 is in M and the triangulation has more than 
one maximal simplex, the vectors 7 which satisfy these extra conditions do 
not provide enough T-series solutions for the GKZ system. This phenomenon 
is called resonance jllj]. An extreme case of resonance, in which all T-series 
coincide, occurs when (3 is in M and Tis unimodular. 

Definition 1 (cf. /p^j/J A triangulation is called unimodular if all its maximal 
simplices have volume 1 ; the volume of a maximal simplex convja^, . . . , a^} 
is defined as | det(ai l; . . . , dj„)| . 



To get around the resonance problem for /3 € M we proceed as follows. 
Tixing a solution 7 6 7L N for equation (||) we write the general solution of (||) 
as 7 = 7 + c with c = (ci, . . . , c^Y such that 

Cidi + . . . + cn<xn = (9) 



and note 7 + L = c + A . Thus (^) becomes YlxeA- 1 ^) ll^li 



N 



Multiplying this by J] Li F(cj + 1) 

we obtain 



xeA-H/S) lli=i r( Cj +A J +i) 



N N 
A, 



^(v) := E Qa(c) ■ U V J ■ U v 7 ( 10 ) 

x&A-HP) i=i 3=1 



where 

-A,-l 



Q A ( C ) := n ^<° n ^ {Cj k) . (ii) 



The key observation is that (11) and ( |10| ) also make sense when ci, . . . , cm are 
taken from a Q-algebra in whicl 
be interpreted as exp(cj logu,). 



taken from a Q-algebra in which they are nilpotent. The expression can still 



Definition 2 Let A = (ay) denote the n x N -matrix with columns a±, . . . , ajv. 
For a regular triangulation T (cf. § of the polytope A := conv {di, . . . , tt;v} 
we define: 

K AiT := n.D- l ][C 1 ,...,C N ]/j (12) 
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where J is the ideal generated by the linear forms 

aaCi + . . . + aijyCN for i = 1, . . . , n (13) 

and by the monomials 

Ci x ■ . . . ■ Ci 3 with convjo^, . . . , Oi s } not a simplex in T; (14) 

D is the product of the volumes of the maximal simplices of T . 
We write Ci for the image of Ci in 1Za,t- 

In theorem || we show that TZ^r is a free Z[D~ ^-module with rank equal 
to the number of maximal simplices in the triangulation. This implies that 
ci, . . . , c/v are nilpotent and hence 

Q A (c) e IIa.t® Q 



Theorem 1 With this interpretation of Q\(c) the function &t,i3(v) 

defined by filu\ ) takes values in the algebra TZ/\,T^ C . Kl 

The domain of definition of the function <I>t;/3(v) is discussed hereafter. Re- 
lation (|l3|) ensures that this function <E>t,/3(v) satisfies the differential equations 
([|); it automatically satisfies (|]). Relation (jl^) ensures that the series expansion 
for $T,p{v) only contains A's (i.e. Q\(c) ^ 0) which satisfy 

.4 A = (3 and conv{cii | Xi < 0} is a simplex in the triangulation T. (15) 

This is important for determining a domain of definition for $r,/3(v). 

As we tried to distinguish a kind of regular behavior for the A's which satisfy 
(p"5|), we were led to triangulations for which the intersection of the maximal 
simplices is not empty. We call 

coreT := intersection of the maximal simplices of T (16) 

the core of the triangulation T. We use the short notation i £ core T for a, € 
coreT. The following result is corollary^ in section [jj. 

Theorem 2 Assume coreT^ and (3 — ^2i^ COIC q- m i a i with all nrii < 0. Then 
the function $t,/3(v) takes values in the principal ideal CcorcT^A.T® C where 



n 



Ci 

i£core 7~ 

Multiplication by c corc on TZa,T induces a linear isomorphism 

^r/Annc corc ^WK A ,T (17) 

Thus one can also say that the function <£>t;/3(v) takes values in the algebra 
T^A.r/Ann c cor c ® C . 
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By composing $r,/3 with a linear map TZa,i ► C one obtains a C-multi- 

valued function which satisfies the system of differential equations (^)-(^). When 
(3 = and Tis unimodular all solutions of @-(^) can be obtained in this way; 
see theorem Q 

For P ^ not all solutions of @-(g) can be obtained in this way. Yet what 
we need for mirror symmetry are the solutions which can be obtained in this 
way for appropriate [3 and T; see theorem [l^. Our proof of this theorem makes 
essential use of the relation: 

^7*T,0(v) = ^/3-a,(v). (18) 



which follows imediately from the formulas (10) and (hll 



Remark 1 The ideal generated by the monomials in (|l4|) is known as the 
Stanley- Reisner ideal and has been defined for finite simplicial complexes in 
general p2fl . It is well-known || [l0[ ^l) that the cohomology ring of a toric 
variety constructed from a complete simplicial fan has a presentation by gen- 
erators and relations as in (|l3|)-([l4|). Unimodular triangulations whose core is 
not empty and is not contained in the boundary of A, give rise to such toric 
varieties and in that case 1Za,t is indeed the cohomology ring of a toric variety; 
see theorem |9[ However not all triangulations to which the present discussion 
applies are of this kind. For instance for the triangulation T5 in figure 1 we 
find 1Za.t 5 = Z[ci, C2, cs]/(cj , c|, c|, C1C2, C2C5). An element like C2 which an- 
nihilates the whole degree 1 part of 7£a,t 5 can not exist in the cohomology of a 
toric variety. 



Remark 2 Our method for solving GKZ systems in the resonant case evolved 
directly from the T-series of Gel'fand-Kapranov-Zelevinskii. In hindsight it can 
also be viewed as a variation on the classical method of Frobenius ||. The 
latter would view 71, ... , 7jv in (^) or c\, . . . , cn in ( |To| ) as variables with a 
restriction given by (||) or (||); then differentiate (repeatedly if necessary) with 
respect to these variables and set 7 = (71,..., 7^) in the derivatives equal 
to its special value 7 , c.q. set c\ = . . . = cjsr = 0, to obtain solutions for 
©"(§)■ Frobenius || considered only functions in one variable. In the case 
with more variables one also needs a good bookkeeping device for the linear 
relations between the solutions of the differential equations. The rings 1Za,T 
resp. T^A.r/AnnCcorc are such a bookkeeping devices. Hosono-Klemm-Theisen- 
Yau have applied Frobenius' method directly in the situation of the Picard-Fuchs 
equations of certain families of Calabi-Yau threefolds; see jl7| formulas (4.9) and 
(4.10). In their work the cohomology ring of the mirror Calabi-Yau threefold 
plays a similar role of bookkeeper; in fact 7^a,t/ Annc corc is the cohomology 
ring of the mirror Calabi-Yau manifold . The way in which we arrive at our 
result looks quite different from that in jl7| §4. Moreover the formulation in op. 
cit. is restricted to the situation of Calabi-Yau threefolds. 



5 



Remark 3 Some of our $r,/3's are similar to expressions presented by Givental 
in pi] theorems 3 and 4; more specifically, gi in thm. 4 is a special case of 
$r,/3 in our theorem || with (3 = — X)iecorcT ai ' whereas in [Q thm. 3 there is 
a difference in that the input data are not subject to (|^) in condition [jj The 
algebra H in |l4j thm. 3 is the cohomology algebra of a toric variety while our 
T^-a.t for appropriate T is also the cohomology algebra of a toric variety. The 
algebra H in |l4j thm. 4 is the algebra T^a,t/ Annc corc in our theorem ||. 



For a proper treatment of the logarithms which appear in ( |Io| ) we set 

exp(27ri2j) (j = 1, . . . , N) 



( Zl ,...,z N ) e C wv 
(d > ... > cjv)*eft A ,T®Z Ar ; 



by (||) c lies in fact in TZa.t ® L . Instead of ( |To| ) we now consider 



*r,/j(z) := ^ Qa( 



C)e 2^iz-A . e 27riz. C> 



(19) 



(20) 



Note that e 27nzc is just a polynomial, but Sag-A -1 ^) QA(c)e 2,rlz ' A is really a 
series. In section ^| we analyse the convergence of this series and give a domain 
W in C Nv on which the function ^t,/3 is defined; see theorem [|. 

The domain Vr is invariant under translations by elements of Z Nv and by 
elements of I 



:= Hom(M, C) C 



iJVV 



From (20) one immediately sees 



*T,/3(z + M) 

VtA z + m ) 



(21) 
(22) 



The functional equation ( pl| ) gives the monodromy of &t,0, when viewed as 
a multivalued function onTr/Z^ with values in the vector space TZ^r® C. 
Because of @ elements of := Hom(M, Z) give trivial monodromy and the 
actual monodromy comes from Lg := Hom(L, Z). 

As acts trivially, the translation action of descends to an action 
of the torus M^/m^ = Hom(M, C*). The functional equation (||), whose 
infinitesimal analogues are the differential equations (||), means that ^t,/3 is an 
eigenfunction with character (3. 

If one wants an invariant function for (3 ^ one must replace the range of 
values of ^t,/3 by (7£a,t<S> C)/c*, the orbit space for the natural C*-action on 
the vector space IZa.t® C. On a possibly slightly smaller domain of definition 
the invariant function even takes values in the projective space P(7?.a.t® C). 
The M^-invariant function &t,/3 mod C * is defined on the domain + V— IBr 
in ; cf. formula ( |39l ) . The (multivalued) function &t,/3 mod C * is defined on 
a domain in the torus Hom(L, C*). 

For a good overall picture it is appropriate to point out here that the pointed 
secondary fan (the construction of which is recalled in section 1.2) defines a toric 



G 



variety which compactifies the torus Hom(L, C *). To each regular triangulation 
of A corresponds a special point in the boundary of this compactification. The 
domain of definition of $t,/3 mod C * is the intersection of the torus Hom(L, C * ) 
and a neighborhood of the special point corresponding to T; see the end of 
section ||. 

Example 1 Let cii, . . . , de be the columns of the following matrix A: 



A 



These satisfy conditions (0) and (|) with M = Z 3 and c# = (1, 0, 0). 

Figure 1 shows all regular triangulations of the polytope A, with two trian- 
gulations joined by an edge iff the corresponding cones in the pointed secondary 
fan are adjacent. 



1 


1 


1 


1 


1 


1 





1 


-1 





1 





1 


1 











-1 


1 








-2 





1 





1 


1 


-3 





1 








1 


-2 


1 








figure 1 



The columns of the matrix B* constitute a Z-basis for L by means of which 
one can identify L with Z 3 and with R 3V . The rows bi, . . . , b6 of the matrix 
B* are then identified with the images of the standard basis vectors under the 
projection R 6V — ► Lg, dual to the inclusion L C Z 6 . Thus one finds tj = 
bj ■ t for every t <G Lr ~ R 3 and ( |l5| ) becomes a condition on the signs of 
bi • I + 7°, . . . , b 6 • I + 7e • The signs give a vector in {-1, 0, +1} 6 

These sign vectors correspond exactly to the various strata in the stratifi- 
cation of M 3 induced by the six planes bj ■ x + 7? = (j — 1, . . . , 6). Figure 2 
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shows the zonotope spanned by bi, . . . , b^. The 3 — j-dimensional faces of this 
zonotope correspond bijectively with the j-dimensional strata in the stratifica- 
tion for 7 = 0. The stratum with sign vector (s%, . . . , s^) corresponds with the 
face whose centre is sibi + S2&2 + s^bs + s^b^ + s 5 b 5 + s 6 &6 • The vertices 1-14 
(resp. 15-28) of the zonotope have sign vectors (s%, . . . , s^) (resp. — (s%, . . . , sq)) 
as given in table 1. 

The sign vectors of all faces of the zonotope give all possible signs for 
£ = (£i, ... ,£$) E L. Thus by comparing this with ( p"5|) one can see for ev- 
ery triangulation Twhat types of terms are involved in the series of vE^o- For 
example for triangulation T\ the series of ^r h o involves precisely those £ E L 
whose sign vector corresponds to a face of the zonotope containing at least one 
of the vertices 1, 2, 3 or 4. 




figure 2 table 1 

The series ^T h -a 4 involves the same Ps with exception of £ = (which cor- 
responds to the 3-dimensional the zonotope itself). Using the Pochhammer 
symbol notation (x) m := x (x + 1) • . . . • (x + m — 1) we have 




(2ci + 3C2 + 2C5 + l)2p+3g+2r 
(Cl)p(c 2 )q(c 5 ) r (ci + C 2 ) p+q (c2 + C 5 ) g+r 



T P T q T r 



V- ( ir + P (2p + 3g + 2r)!(-p-l)! rPrg;r 
^ qlrUp + q)\(q + r)\ 1 2 5 

r>0,-q<p<0 y V ^ H ' KH ' 

v (2p + 3g + 2r)!(-g-l)! 1 
tr< g<0 PW(p + «)l(ff + r)l 1 2 5 / 



-C2 

—p<q<0 .— r< 
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where 



rp^ ._ ^2ni(z\ — 2z 4 +z 6 ) rp^ ._ e 2-7ri(z 2 +.J3 — 3z 4 +z 6 ) jt_ ._ ^2-ni{z 3 -2zi+z 5 ) 
C4 = — 2ci — 3C2 — 2cs 

and 

n AjTl =Z[ci,C2,C5]/( C f_ c 2 j C 2- C 2 ; c 2 + CiC 2 , C 2 +C 2 C 5 , CiC 5 ) • 

Note that C4C1 = C4C2 = C4C5. One may therefore simplify the expression for 
^Ti,-a 4 and replace C2 and C5 by ci. 

1 Regular triangulations and the pointed sec- 
ondary fan 

In this section we review some results about regular triangulations and about 
the pointed secondary fan, essentially following j|. One may take as a defini- 
tion of regular triangulations that these are the triangulations produced by the 
construction in this section; see in particular proposition |]. 

1.1 Regular triangulations 

We start from a set of vectors {ai, . . . , ajv} in Z" satisfying condition [ij Let 
A = conv {ai, . . . , ajv} denote the convex hull of this set of points in R n . We are 
interested in triangulations of A such that all vertices are among the marked 
points Oi, . . . , CI at- The notation can be conveniently simplified by referring to a 
simplex conv{Oi 1 , . . . , dj m } by just the index set . . . ,i m }. We will allways 
take the indices in increasing order. If Tis a triangulation, we write T 71 for the 
set of simplices with m vertices. A triangulation is completely determined by 
its set of maximal simplices T a . 

For the construction of a regular triangulation we take an ./V-tuple of positive 
real numbers d = (d±, . . . , djv) and consider the poly tope 

Vi :=conv{0,d 1 " 1 ai,...,^ 1 aiv} c M™ . (23) 

Consider a subset i" = . . . , i n } of {1, . . . , N} for which , . . . , Ck n are lin- 
early independent. The affine hyperplane through o^,... , d" 1 ^ is given 
by the equation Z?d,/(x) = with 

D d j(x) := dct ( d ^ ■ ■ ■ * \ (24) 

Write I* := {1, . . . , N} \ I. Then {dj^a^, . . . , d" 1 ^} lies in a codimension 1 
face of Vd if and only if for all j £ I*: 

DdjidJ 1 ^) ■ D dJ (0) > (25) 
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This face is a simplex with vertices d^a^, . . . , d^ 1 ^ iff Dd.i(dj 1 o J ) 7^ for 
every j G I*. Thus if d does not lie on any hyperplane in M. N given by the 
vanishing of Da t i(dJ Oj) for some / and j with j £ I, then all faces of V& 
opposite to the vertex are simplicial. 

In this case the projection with center projects the boundary of V& onto a 
triangulation T of A. The maximal simplices of Tare those / = . . . , i n } for 
which D d<I (dJ l aj) ■ D dJ {0) > holds for every j G /* . 

Let A = (ciij) denote the n x N- matrix with columns di, . . . , a at. The tri- 
angulation obviously depends only on d modulo the row space of A . Let us 
reformulate the above construction accordingly. 

Take L = ker A C Z N as in (|). Assumption (|) implies t x + . . . + £ N = 
for every i — (l^, . . . , i^Y G L . Take an (N — n) x A^-matrix B with entries in 
Z such that columns of B* constitute a basis for L . 

Let w £ M. N ~ n . Then there exists a row vector of positive real numbers 
d = (di, . . . , dN) such that w — Bd*. Take the matrices 

and B := ( B | -w ) . 

Denote by Ak (resp. B^) the submatrix of A (resp. B) composed of the entries 
with column index in a subset K of {1, . . . , N + 1}. Since rank A = n + 1 , 
rank B = N — n and A • B* — there is a non-zero r G Q such that for every 
J C {1, . . . , iV + 1} of cardinality n+ 1 and J' = {1, . . . , N + 1} \ J 

det(Aj) = (-l)^i€JJ r det(Bj/) 

One sees that (|25|) is equivalent to 

(_l)Mher|fc>j} det (( Bj,\ {i} \w ))-det(B z ») > 0; (26) 

here B/* resp. B/»\{j} is the submatrix of B consisting of the entries with column 
index in I* resp. I* \ {j} . 

Thus the triangulation T can also be constructed from $2(\). 

1.2 The pointed secondary fan 

For a more intrinsic formulation which does not refer to a choice of a basis for 
L we consider the (N — n)-dimensional real vector space := Hom(L, R) . 
Let bi, . . . , bjv G LJr be the images of the standard basis vectors of R NV under 
the surjection R Nv -» dual to the inclusion L <^-> Z N . Let 03 (resp. D) 
be the collection of those subsets J of {1, . . . , N} of cardinality N — n (resp. 
N — n — 1) for which the vectors bj (j G J) are linearly independent. For 
K = {fci, . . . , /cjv-n} G 23 and J = . . . , jN-n-i} G D we write 

Cr '■= {tibk x + ■ ■ ■ + tjV-n^fe N -n G 1L« I t\, . . . ,tjsr- n € M>o } 
Hj := {tibj-t + . . . + tjv-n-ib_y N _„_ 1 G L R I ti, . . . ,tjsr- n -i G M } . 
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Choosing a basis for L as before one can identify with R^ - '^ and b\, . . . , bjv 
with the rows of matrix B*. The inequality ( p6| ) becomes equivalent to the 
statement w £ Ci* . The condition D^jidJ dj) ^ for the left hand factor in 
@ becomes equivalent to w Hj for J = {1, . . . , N + 1} \ (/ U {j}). 
Thus the preceding discussion shows: 

Proposition 1 (cf. || lemma 4.3.) For w £ \ \J JeV Hj the set 

T l := {I\I* e <8 and we Cj- } 

is the set of maximal simplices of a regular triangulation T of A . 

(Recall the notation I* := {1, . . . , N} \ I .) B 

If T is a regular triangulation of A write 

C T = p| £/. • (27) 

Then every w € Cr \ U/es leads by the above construction to the same 
triangulation T. 

The cones Cq- one obtains in this way from all regular triangulations of A 
constitute the collection of maximal cones of a complete fan in . This fan is 
called the pointed secondary fan. 

Remark 4 The dual (or polar) set of V d in (§|) is (e.g. @ def.4.1.1, @ p.24) 

Vl := {ye M nV | y • x > -1 for all xeV d } (28) 

It is the intersection of half-spaces given by the inequalities 

yai + di>0 (i=l,...,N) 

is an unbounded polyhedron. Its vertices correspond with the codimension 
1 faces of Va which do not contain 0. 

Adding to d an element of the row space of matrix A amounts to just 
a translation of the polyhedron in R" v . If d gives rise to a unimodular 
triangulation, then is an (unbounded) Delzant polyhedron in the sense of 
[ p~6| p. 8. Thus, by the constructions in jl6| a point in the real cone Ct for a 
unimodular regular triangulation T can be interpreted as a parameter for the 
symplectic structure of a toric variety. In view of formula $3{\) this applies in 
particular to the imaginary part of the variable z in $2(\). 
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2 The ring 7?-a,t- 

Theorem 3 Consider the ring TZa,t as in definition |^. 
(i). 72-a.T is a free Z[D ]-module of rank jjT" . 

(ii) . IZa.t is a graded ring. Let TZ^L denote its homogeneous component of 
degree k. Then the Poincare series of IZa.t is: 

n 

(rank H™ T ) r k = £ ft ( r ) r m (l - r)-™ 

fc^O m=0 

where jj ( 7 1 ™ ) = £/ie number of simplices with m vertices; jj ( 7° ) = 1 &?/ 
convention. In particular 

K { ^ T =0 for k>n. 

(iii). {c 7 | / e r 1 } is a Z^^-Sosis /or K a ,t- (cf. formula ^)) 

The proof of theorem ^| closely follows the proofs of Danilov ( || § 10) 
and Fulton ( JhJ § 5.2) for the analogous presentation of the Chow ring of a 
complete simplicial toric variety. We include a proof here in order check that 
it needs no reference to algebraic cycles and also works when the simplicial 
complex is homeomorphic to a ball instead of a sphere as in j^, ^| . 

For the construction of a basis for TZ A ,T we choose a vector £ in A which 
should be linearly independent from every n— 1-tuple of vectors in {oi, . . . , ttjv}- 
If / is a maximal simplex, then {a^jig/ is a basis of M" and £ = Ylfcj x i a i with 
all Xi ^ . We define 

/- := {*el| *<<()}, (29) 



ci 



n ci- (so) 



iei- 



Let Tbe associated with d = (di, . . . , djy) as in section 1.1. For / 6 T 1 let pi 
be the positive real number such that pit; lies in the affine hyperplane through 
the points rf" 1 ^ with i 6 /, i.e. -Dd,/(p/£) = . We may assume that d is chosen 
such that pi 1 7^ pi 2 whenever I± ^ I2 ; indeed, for I\ ^ I2 the equality pi 1 = pi 2 
amounts to a non-trivial linear equation for dt, . ■ ■ , d/v ■ As in Jl0| we define a 
total ordering on T* 1 : 

h < I 2 iff Ph < Ph . (31) 
Lemma 1 (cf. go| p.l01(*)) If I' C h then h < h ■ 

proof: By definition of pi 1 there exist Sj € E such that pi^ — 'J2j e j 1 s jdJ 1 aj 

and 1 = J2jeii ^ ^ 1 ^ ^ 2 ana - -^T c ^2 then Sj > for every j 6 I\ \ h ■ 
Using this and ( p5| ) for I 2 one checks: Aj,/ 2 ■ D^j 2 (0) > 0. This shows 

that and pj^ lie on the same side of the affine hyperplane through the points 
d~ x ai with i G 1% . Hence: pi 1 < pi 2 ■ 
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Lemma 2 (cf. |T(J p. 102) Let J be a simplex in T. Then: I C J C I where 
I := min{7' E T 1 \ J C 7'} . 

proof: The conclusion is clear if I = J. So assume I ^ J and take i E I \ J. 
Then 7\ {i} is a codim 1 simplex in the triangulation, which either is contained 
in the boundary of A or is contained in another maximal simplex I' =/= I. 

If 7 \ {i} is a boundary simplex, then £ and dj are on the same side of the 
linear hyperplane in K™ spanned be the vectors dj with j E I \ {i} . This implies 
Xi > in the expansion £ = X^e/ ^i^j- So i ^ 7~. 

If 7 \ {«} is contained in a maximal simplex 7' 7^ 7, then J C 7' and hence 
7 < 7'. Now look at the two expansions £ = ajjOj + 53jeJrU' ^'"i an< ^ £ = 
2/fcCift + Yljeini' Vj a j wnere {&} = 7' \ (7 n 7'). Then yk < because J' - (£ I by 
the preceding lemma. On the other hand, Xi and have different signs because 
<Xi and afc lie on different sides of the linear hyperplane spanned by the vectors 
a.j with j E I n I'. We see Xi > and i ^ I~ . 

Conclusion: r C J. E3 

Proposition 2 TTie elements ci (I E T* 1 ) generate 7\La.t as a Z[D~ 1 ]-module. 

proof: 1Za,t is linearly generated by monomials in ci, . . . , c/v . For one Iq E T 1 
we have 7^~ = , hence cr = 1 . Therefore we only need to show that for every 
j and every I\ the product Cj ■ ci 1 can be written as a linear combination of 
c/'s. If j E 7i one can use the linear relations ( |l3| ) to express every a with 
i E 7i as a Z[.D _1 ]-linear combination of Cfe's with k I\ . Since this works for 
Cj in particular, the problem can be reduced to showing that a monomial of the 
form JlieJ Ci w ^h J a simplex of the triangulation, can be written as a linear 
combination of c/s. Given such a J take Ij E T 1 such that 7j~ C J C Ij ; 
see lemma ||. If J = 77, then riieJ c i = C Z/ an d we are done. If J ^ 77 
take m G J \ IJ and use the linear relations (|l3| ) to rewrite c m as a Z[7? -1 ]- 
linear combination of Cfc 's with k $ Ij . This leads to an expression for Yl ie j Ci 
as a Z[7) _1 ]-linear combination of monomials of the form Ilieif c « with K a 
simplex of the triangulation and IJ C K . Given such a K take Ik E T* 1 such 
that I K C K C 7k . Then, according to lemma [j], Ij < Ik ■ We proceed by 
induction. M 

Next we follow Danilov's arguments in Q remark 3.8 to prove 

n 

]T (dim Q ft<g-<8> Q) r fc - ^ (j (7™ ) r m (l - r)"" m (32) 

fej:0 m=0 

We have added a few references of which pOj is most relevant because it deals 
with a triangulation of a polytope, while B deals with a triangulation of a 
sphere. In [^2], |2^| the Stanley-Reisner ring Q[T] of the simplicial complex T 
over the field Q is defined as the quotient of the polynomial ring Q[Ci, . . . , Cn] 
modulo the ideal generated by the monomials (Hh. Q[7] is a Cohen-Macaulay 
ring of Krull dimension n; see p3| thm.2.2 and ]22[ thm 1.3. By definition 13 
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there is a natural homomorphism Q[T\ — > 1Za.t®>Q with kernel generated by the 
n elements cti := aaCi+a^C^©. ■ .+a.;jvCV. By proposition || the ring 1Z/\,t i £> < 0> 
is a finite dimensional Q- vector space and hence has Krull dimension 0. It also 
follows from proposition |2| that T^a.t® Q and Q[7] are local rings. We can now 
apply thm.l6.B and see that ct\, . .. ,a n is a regular sequence. As pointed 
out in pT remark 3.8b this implies that the Poincare series of 7£a,t<8> Q is equal 
to (1 - A)" times the Poincare series of Q[T}. The latter is £™ =0 'tl {T 71 ) A m (l - 
A)~ m by thm. 1.4 (where it is called Hilbert series). Formula ( ^2|) follows. 

We see that dimQ7?-A,r ( 8' Q = jJT"' and hence that the elements cj (I G "P 1 ) 
are linearly independent over Q. TTiis completes the proof of theorem [5| Kl 

Corollary 1 If T is unimodular, then 
(i). 7?.a,t *s o /ree 7*-module with rank equal to vol A. 

(ii) . A n Z* = T 1 = {en,...,a*} 

(iii) . f/iere is an isomorphism — > L^ smc/i £/ia£ Cj «-> bj (j = 1, . . . , N) 
proof: (i) immediately follows from theorem ||. 

(ii) Assume that there is a lattice point in A which is not a vertex of T. This 
point lies in some maximal simplex and gives rise to a decomposition of this 
simplex into at least two integral simplices. This contradicts the assumption. 

(iii) Because of (ii) all monomials in (113) have degree > 2. Consequently, 71^?- 
is just the quotient of Z C\ © . . . © Z CV modulo the span of the linear forms in 
@. This quotient is L^. B 

3 A domain of definition for the function ^t,/3 ■ 

We first investigate for which A's one possibly has Q\(c) ^ in 7?-a,t® Q ■ 

For / 6 7" let A/ denote the n x n-submatrix of A with columns di (i € I) . 
By p/ we denote the ./V x A-matrix whose entries with row index not in I arc 
all and whose n x A-submatrix of entries with row index in / is A] -1 A . This 
pj is an idempotent linear operator on . Now define: 

«Pr := conv{p/ \ I e T 1 } in Mat^ x N (R) . (33) 

The image of the idempotent operator 1 — pj is Lr . Therefore all elements of 
1 — = conv{l — pj \ I € T"} are idempotent operators on M. N with image 
Lr . Hence all elements of ?Pr are also idempotent operators on W N . 

For every A S Jj N one has the polytope ^t(A) which is the convex hull of 
{p/(A) | / e T"} in R N . This obviously depends only on A mod L . 

Lemma 3 If X e Z w is such that Q\(c) ^ in TZa,t^>Q, then A lies in the set 
*Pt(A) + Cr v ■ Here Cr v is i/ie dua? o/ the cone Ct defined in 

C^r := {£ e Lr | w ■ i > for all LoeC T }- (34) 
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proof: If Q\(c) ^ then {i | A$ < 0} is contained in some maximal simplex / 
of T. Let £ = (1 - pj)(A) . Then £ = (£ u . . . ,£ N ) £ L R and bj • £ = £j = Xj > 
for all j £ I* . This shows (1 — P/)(A) S C/, C Cr v ■ E 



Lemma 4 TTie coefficients in the power series expansion 



nA 1 >orife=i(' c x j) 



^ -^mi,...,mjy^l ' • • ■ ' X jy (35) 



\j>0 llfc=lV"' ^j; mi,...^^ 

satisfy 

0<K mu ... imN < . 2ll m " +Ar ■ TV! • (max(l,iV-degA))! (36) 

with || to || := X^ili m i and II ^ II : = Sili M degA := Z) i=1 A 4 = • /? . 

proof: Clearly if mi! ..., mjv > 0. Clearly also 2~^ m ^K mi ^,^ mN is less than the 
value of the left hand side at x\ = . . . = Xjv = ^ . Therefore 

K s olMI+<S riA 3 <0 9 ||m|| + S ^' o-R-S 

"" " V ■ llx ,VA, I)! " -(R-Sy.- b 



where P — — X)a <o ^» an( ^ ^ = Ea >o ^» an< ^ ^ = tt{* I ^ > 0} • 

If P < R-Sthen < 1- KP> R-S then pg^y < 2 p -(P-i? + S')!. 

Combining these estimates one arrives at (|3^). Kl 

The sum of the series Y^xeA- 1 (0) QA(c)e 27nzA in formula (|2(i| ) should be 
computed as a limit for L — ► oo of partial sums El taking only terms with 
A || < L . These sums only involve A's with Q\(c) ^ . According to lemma 
such a A is of the form A = A + t with £ E Cr v and with A contained in a 
compact polytope which only depends on ft. Therefore || A ||<|| £ \\ + some 
constant which only depends on (3. Since 

Q A (c) = (-l)"*l A *<°} J2 (-l) llmll K mi ,..., mN cr-...-c™ N 

mi ,. . . ,mjy >0, 

lemma [| shows that the coordinates of Q\ (c) with respect to a basis of the vector 
space 1Za,t® Q are less than JVM times some constant which only depends on 
[3 . Thus one sees that the limit of the partial sums exists if the imaginary part 
3 z of z satisfies 

loe- N 

3z-i > II I || for all feC T v (37) 

Let p : R NV — > denote the canonical projection. If b e is any vector 
which satisfies 

loff N 

b ■ I > || £ || for all £eC T y , (38) 

Z7T 
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then b € Ct and every z with the property p (3 z) 6 b + Ct satisfies (|37]) . Let us 
therefore define 

B T := (J (b + C T ) (39) 
b s.t. (38) 

The above discussion proves: 

Theorem 4 Formula fljflj: 

*r,/9(z) := J] QA(c)e 2 ^ iz A -e^ izc 

defines a function with values in 1Za,t ®C on i/ie domain 

V T :={zeC JVV |p(9?z)eB r }. (40) 

X 

In order to have a more global geometric picture of where the domain of 
definition of the function ^t,0 is situated we give a brief description of the toric 
variety associated with the pointed secondary fan. 

The pointed secondary fan is a complete fan of strongly convex polyhedral 
cones which are generated by vectors from the lattice . By the general theory 
of toric varieties |l| this lattice-fan pair gives rise to a toric variety. In the 
case of and the pointed secondary fan the general construction reads as 
follows. 

For each regular triangulation T one has the cone Ct in the secondary fan 
and one considers the monoid ring Z[lLj] of the sub-monoid L7- of L : 

L r :=LnC T v = {£eh\iu-£>0 forallweC r }- (41) 

The affine schemes Ut '■= spec Z[Lt] for the various triangulations naturally 
glue together to form the toric variety for the pointed secondary fan. 

A complex point of Ut is just a homomorphism from the additive monoid 
L7- to the multiplicative monoid C . There is a special point in Ut namely the 
homomorphism sending € Lr to 1 and all other elements of L7- to 0. A disc 
of radius r , < r < 1 , about this special point consists of homomorphisms 
L7- — ► C with image contained in the disc of radius r in C 

A vector z 6 C Wv defines the homomorphism 

and hence a point of the toric variety. The point lies in the disc of radius 
r < 1 about the special point corresponding to a regular triangulation T iff 
3z • i > — holds for every £ € Lr- It suffices of course to require this only 
for a set of generators of Lj-- 
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If b is in Ct and K is such that K > b ■ I for all t from a set of generators of 
Lr, then the set { z 6 | p (9z) 6 6 + Cr} contains the intersection of the 
disc of radius exp(— 2-kK ) with the torus Hom(L, C*) . 

This shows that the domain of definition of the function ^t.js is situated 
about the special point associated with T in the toric variety of the pointed sec- 
ondary fan. 

4 The special case (3 = 

The function ^to is invariant under the action of M^; see (p2|). So it is in fact 
a function on the domain Lg + \J — IBt in . For F € Hom(7?.A,T, C) we have 
the C-valued function F^t,o on + \J — IBt- 



Lemma 5 If F^t.o is the ^-function on + \J — IBt then F = 0. 

proof: By lemma || the series ^t,o involves only A's in LP Ct v and A = is 
really present with Qo(c) = 1. Moreover Bt is contained in the interior of Ct- 
Therefore, if F^to = , then the polynomial function 

E(9tt\ V"i + ---+ m « 
m,!,.,» iv : ' v j ZAr 

mi ,...,m^v>0 

is bounded on an unbounded open domain in C N . So, this is the zero polynomial. 
Therefore i^c™ 1 • . . . • c™~) = for all mi, . . . , tojv > . M 



Theorem 5 If (3 = and T is unimodular, then there is an isomorphism: 
Hom(7?.A,T, C) ^ solution space of ^-(0) , F F<I>t,o ■ 

proof: Lemma || shows that the map is injective. From corollary [j] we know 
dimHom(7?.A,T, C) = vol A. Since the triangulation Tis unimodular, the proof 
of p3| prop. 13. 15 shows that the normality condition for the correction in E^] to 
[Othm. 5 is satisfied. Therefore the number of linearly independent solutions 
of the GKZ system (|^)-(^) at a generic point equals vol A. 

5 Triangulations with non-empty core 

The intersection of all maximal simplices in a regular triangulation T of A is a 
remarkable structure. We call it the core of T. It is a simplex in the triangulation 
T. Since we identify simplices with their index sets, we view core T also as a 
subset of {1, ... ,7V} . 



Definition 3 coreT := P| 7 
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Lemma 6 A simplex which does not contain core T lies in the boundary of A 



proof: It suffices to prove this for simplices of the form I \ {j} with J 6 T" 
and j G coreT. Since every maximal simplex contains j, I is the only maximal 
simplex which contains / \ {j} . Therefore / \ {j} lies in the boundary of A . Kl 



Lemma 7 coreT = {j \£j <0 for all ieCj-} 

proof: D : assume j £" coreT, say j $ I for some / £ T 1 . Then there is a 
relation Oj — J2iei Xi(Xi ~ ® > wnence an ^ G L with £j > and {i \ £, < 0} C /. 
As in the proof of lemma || this implies £ G Of- . 

C : assume j G coreT. First consider an £ £ Lm such that \i\li < 0} is a 
simplex. Let L = J2e->o^ = J2t <o — • The relation in (||) can be rewritten 
as 

% = V (42) 



E 



L ^ _ 

Suppose > 0. Then the simplex {i | 4 < 0} lies in a boundary face of A . 
Take a linear functional F whose restriction to A attains its maximum exactly 
on this face. Evaluate F on both sides of ((|2|). The value on the right hand 
side is maxT, but on the left hand side it is < maxF, because F(aj) < maxF 
and £j > 0. Contradiction! Therefore we conclude: £j < if £ is such that 



{i | £{ < 0} is a simplex. From the constructions in section 1.2 one sees that 
{i | £i < 0} is a simplex if and only if £ £ C/, for some / £ T"; note: £j = bj 



Since Cj- is the Minkowski sum of the cones C/„ with / £ T 1 wc finally get: 



< for every £ £ C)f . 



Definition 4 



n ^ ( 4a ) 

i £ core T 



Corollary 2 If X is such that AX — J2iecorcT milXi ™^ a ^ m * < then Xi < 
/or every i £ core T cmd hence 

Q\(c) £ C COTC TZ^T 

proof: Let /i = (fii, . . . , /zjv) be defined by /ii = for i G coreT and pi = 
for i $ core T. Then ^Pt(A) = ^Pt(/^) in lemma [| From the definitions one sees 
immediately that ^3t(m) = {/^} • The result now follows from lemmas || and |?]. 



Corollary 3 If coreT is not empty and (5 = X^ecorcT 771 * 11 * with all rrii < 
then the function ^rp takes values in the ideal c corc TZA,T® C . Kl 
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Theorem 6 If core T is not empty and (3 — X^ecorcT™* 11 * with all rrii < 
then the linear map 

Hom(c core 7?.A,r- C) — > solution space of ([^)-(FJp , F i— > F^q-p 

is injective. 

proof: From lemma || and the proof of corollary || one sees that the series *&t,(3 
involves only A's in /i + (L n Ct v ) and that A = [i is really present: 

— m«— 1 

<9 M (c) = c corc • C/ with U := J| [| (ci - fc) . 

zGcoreT fc— 1 

The rest of the proof is analogous to the proof of lemma |[ In particular, if 
F^r.p is the 0-function on Vr, then ^(c corc • f7 • c" 1 • . . . • c n N N ) = for all 
ni, . . . ,rijv > 0. The desired result now follows because U is invertible in the 
ringft A ,T«>Q- B 



PART II 



Introduction II 

One aspect of the mirror symmetry phenomenon (cf . [ p5| ) is that (general- 
ized) Calabi-Yau manifolds seem to come in pairs (X, Y) with the geometries 
of X and Y related in a beautifully intricate way. On one side of the mirror - 
usually called the B-side - it is the geometry of complex structure, of periods of 
a holomorphic differential form, of variations of Hodge structure. On the other 
side - the A-side - it is the geometry of symplectic structure, of algebraic cycles 
and of enumerative questions about curves on the manifold. 

Batyrev [jjj showed that behind many examples of the mirror symmetry phe- 
nomenon one can see a simple combinatorial duality. Batyrev and Borisov gave 
a generalization of this combinatorial duality and formulated a mirror symme- 
try conjecture for generalized Calabi- Yau manifolds in arbitrary dimension ( Q 
2.17). The fundamental combinatorial structure is a reflexive Gorenstein cone. 

Definition 5 ( || definitions 2.1-2.8.) A cone A in M™ is called a Gorenstein 
cone if it is generated, i.e. 

A = M> ai + . . . + M> ajv , (44) 

by a finite set {oi, . . . , Ojv} C Z n which satisfies condition It is called a 
reflexive Gorenstein cone if both A and its dual A v are Gorenstein cones, 

A v := {ye M" v |VxeA:yx>0}, (45) 
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i.e. there should also exist a vector Qq £ Z™ and a set {a( , . . . , a^,} C Z nV of 
generators for A v such that ■ do = 1 /or i = 1, . . . , N' . The vectors <Xq and 
do are uniquely determined by A. The integer ■ <Xq is called the index of A. 

For a reflexive Gorenstein cone one has one new datum in addition to the 
data for GKZ systems; namely do- It has the very important property 

interior(A) n Z" = a + A . (46) 

Our aim is to show that in the case of a mirror pair (X, Y) associated with 
a reflexive Gorenstein cone A and a unimodular regular triangulation T whose 
core is not empty and is not contained in the boundary of A , the periods of 
a holomorphic differential form on X are given by the function $r,-o which 
takes values in the ring Ha,t / Ann c corc <8> C and that the ring 7Z-a,t / Ann c core 
is isomorphic with a subring of the Chow ring of Y . 

This project naturally has a B-side and an A-side which we develop sepa- 
rately in Part II B and Part II A. Our method puts some natural restrictions 
on the generality. For Part II B we must eventually assume that there is a 
unimodular triangulation T of the polytope 

A := conv{oi, . . . , ajv} = {x 6 A | ■ x = 1}. (47) 

This restriction which comes from the use of theorem ^, also implies 

o S Z> ai + . . . + Z> a a N . (48) 

So, <&T,-ao i s defined in Part I. For Part II A we must additionally assume that 
the core of T is not empty and is not contained in the boundary of A . 

PART II B 

Introduction II B 

For a Gorenstein cone A we denote the monoid algebra C[A n Z™] by £a and 
view it as a subalgebra of the algebra C[uf 1 , . . . , u^ 1 ] by identifying m = 
(mi, . . . ,m n Y 6 A n Z" with the Laurent monomial u m := u™ 1 • . . . • u™ n . 
For m e Z" we put degu m := dcgm := Oq • m . Thus iSa becomes a graded 
ring. The scheme Pa := Proj 5a is a projective toric variety. If A is a reflexive 
Gorenstein cone, the zero set in Pa of a global section of 0p A (l) is called a 
generalized Calabi-Yau manifold of dimension n — 2 ( || 2.15). 

The toric variety Pa is a compactification of the n — 1-dimensional torus 

T := T/(Zc^®C*) (49) 
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where 

T := Hom(Z n , C*) = Z nV ®C* (50) 

is the n-dimensional torus of C-points of Spec C[uf 1 , . . . , u^ 1 ] . A global section 
of Op A (l) is given by a Laurent polynomial 

s= v ™ u ™- ( 51 ) 

meAnZ" 

with A as in (^). As in we assume from now on 

Condition 2 {oi, . . . , Ojv} = A n Z™ 

The Laurent polynomial s gives a function on T which is homogeneous of 
degree 1 for the action of Zoq ® C * . Let 

Z s := { zero locus of s } C T (52) 

Over the complementary set T \ Z 5 there is a section of T — > T which identifies 
T \ Z s with the zero set Z s _i of s — 1 in T: 

T\Z s ~Z s _iCT (53) 

One may say that according to Batyrev Q the geometry on the B-side of mirror 
symmetry is encoded in the weight n part W n H n ~ 1 (T \ Z s ) of the Variation of 
Mixed Hodge Structure of H n ~ 1 (T \ Z s ); the variation comes from varying the 
coefficients v m in (|5l|). 

Remark 5 One usually formulates Mirror Symmetry with on the B-side the 
Variation of Hodge Structure on the <i-th cohomology of a d-dimensional Calabi- 
Yau manifold. For a CY hypersurface in a toric variety the Poincare residue 
mapping gives an isomorphism with the d + 1-st cohomology of the hypersur- 
face complement, at least on the primitive parts (see prop. 5. 3). For a CY 
complete intersection of codimension > 1 in a toric variety one needs besides 
the Poincare residue mapping also corollary 3.4 and remark 3.5 in |3| to relate 
the CYCI's cohomology to the cohomology of the complement of a generalized 
Calabi-Yau hypersurface in a toric variety, i.e. to the situation we are study- 
ing in this paper. Our investigations do however also allow on this B-side of 
the mirror generalized Calabi-Yau hypersurfaces which are not related to CY 
complete intersections, although on the other A-side we do eventually want a 
Calabi-Yau complete intersection (see |3| §5 for an example of mirror symmetry 
with such an asymmetry between the two sides). 

In Q| Batyrev described the weight and Hodge nitrations of this Variation 
of Mixed Hodge Structure (VMHS) in terms of the combinatorics of A . In 



21 



particular, W„-ff™ _1 (T \ Z s ) corresponds with the ideal C[interior(A) n Z n ] in 
5a . If A is a reflexive Gorenstein cone of index n , this ideal is the principal ideal 
generated by u a ° (cf. (f46|)) and the part of weight n and Hodge type (n — n, k) 
has dimension 1 . 

Batyrev also showed that the periods of the rational (n — l)-form 

A ... A (54) 



(// € AnZ n , i 2 , ■ ■ ■ , t n coordinates on T ) as functions of the coefficients v m sat- 
isfy a GKZ system of differential equations (||)-(§|) with parameters {at, ■ . ■ , CIat} 
and (3 = —fi . However, not all solutions of this system are C-linear com- 
binations of the periods of lu^ . Theorem shows precisely which solutions 
of this system are C-linear combinations of the periods of ui^ in case fi £ 
Z> ai + . . . + Z> aAf . 

The key point of our method is to study the VMHS on H n (T rel Z s _i) . 
This has the advantage that if a%, . . . , ajv generate Z n , then £f ra (TrelZ s _i) is 
a hypergeometric T>-module as in p"l| | with parameters {ai, . . . , a^} and j3 — ; 
see theorem |[ 

If s is A-regular (cf. definition ||) there is an exact sequence of mixed Hodge 
structures 

-> H 11 - 1 ^) -> iT^^Z^i) -> ff n (TrelZ s _i) -> H n (T) -> (55) 

The left hand results from a theorem of Bernstein-Danilov-Khovanskii ^ || . 
On the right we used i? n (Z s _i) = because Z 5 _i is an affine variety of dimension 
n — 1 . Writing as usual Q(m) for the 1-dimensional Q- Hodge structure which 
is purely of weight —2m and Hodge type (— m, — m) one has 

H n - 1 (f)~Q n ®Q{l-n), ff"(T)~Q(-n). (56) 

Morphisms of mixed Hodge structures are strictly compatible with the weight 
nitrations ( ^ thm. 2.3.5). Thus the sequence ([55]) in combination with ( |53| ) 
gives the isomorphisms 

W JJ tf"- 1 (T\Z 5 ) VViff"- 1 ^-!) Wii/" n (TrclZ s _i) (57) 

for i < In — 3 . In particular if n > 3 , the weight n part relevant for the geometry 
on the B-side of mirror symmetry will get a complete and simple description by 
our analysis of the GKZ hypergeometric T>- module H n (T rel Z s _i) . 



Remark 6 Though it plays no role in this paper I want to point out that 
there is an interesting relation with recent work of Deninger . The group G 
of diagonal n x n-matrices with entries ±1 acts naturally on T = Hom(Z™, C *) . 
From the inclusion i : Z s _i <— > T one gets the G-equivariant map G x Z 5 _i — > T , 
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(g, z) i— ► g- t(z). Corresponding to this map there is an exact sequence of mixed 
Hodge structures with G-action analogous to (j55|). Taking isotypical parts for 
the character det : G -> {±1} and using i/"- 1 (T)(dct) = , ff"($)(det) 3 
H n (T) and iJ'^^G x Z s _i)(det) ^ iI n - :L (Z s _i) one finds the short exact se- 
quence 

0^ fp-^Zs-i) -> tf n (Trel(G x Z s _ x ))(det) -> iT l (T) -» (58) 

sec (12). In [Q remark 2.4 Deninger sketches how the extension ( |58| ) comes 
from a Steinberg symbol in the group K n (Z s -i) in the algebraic A'-theory of 
Z 5 _i; in our coordinates (see remark ^J) this Steinberg symbol reads 

{Ul, U2, . . . , u n } e tf n (C[uf\ . . . , w^ 1 ] / ( s _ i)) (59) 

The exact sequence (^5|) decomposes into two short exact sequences 

-> H^if) -» H^iZ^t) -> PJJ n - 1 (Z s _ 1 ) -» (60) 
-> PH n - 1 {Z s ^ 1 ) -> iJ"(TrelZ 5 _i) -> i7"(T) -> (61) 

which define the primitive part of cohomology ( def. 3.13). The relation 
between the various cohomology groups is best displayed in the following com- 
mutative diagram with injective horizontal and surjective vertical arrows: 

H n (T rel(G x Z,_i))(det) 

- 1 _ 

i7"(TrelZ 5 _i) (62) 
£P(T) 

With varying coefficients w m the story plays in the category of Variations of 
Mixed Hodge Structures. With coefficients v m fixed in some number field the 
story plays in a category of Mixed Motives. A challenge for further research is 
to combine these stories and our results on hypergeometric systems. 



i? n - 1 (Z s _ 1 ) 



6 VMHS associated with a Gorenstein cone 

In this section we prove theorem |[ This result is essentially implicitly contained 
in || . Our proof is mainly a review of constructions and results in Q . 

Shifting emphasis from the polytope A to the cone A we write 5a (instead 
of 5a as in B) for the monoid algebra C[A n Z™] viewed as a subalgebra of 
C[wf 1 , . . . , u„ ] . The grading is given by degu m = ■ m for m e Z™. A 
homogeneous element s of degree 1 in 5a is a Laurent polynomial as in (|5l|): 

N 

s = Vi u a > (63) 
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with coefficients Uj € C . Let T, T, Z s and Z s _i be as in (p9|)-(p3|). 

Remark 7 When comparing with Q one should keep in mind that in op.cit. 
n is the dimension of the polytope A whereas here n is the dimension of the 
cone A and the polytope A has dimension n — 1 . Also one has to make the 
following change of coordinates on Z n and Z nV . The idempotent n x n-matrix 
ai • cig gives rise to a direct sum decomposition Z" v = ZcIq S and thus to 
a basis {<Jq , a 2 , ■ ■ ■ , a n } for Z nV . The coordinate change on Z™ amounts to 
multiplying vectors in Z n by the matrix M = (rriij) with rows Oq, a 2 , . . . , ct n . 
In particular, in the new coordinates Oi, . . . , Ctjv all have first coordinate 1 . 

The above coordinate change also induces a change of coordinates on T : 
Uj = Yi7=i ^T' J ■ The map T — * T is then just omitting the coordinate t\ . In 
^-coordinates s takes the form t\ ■ f where / is a Laurent polynomial in the 
variables ti, . . . ,t n . Thus s corresponds with Fq and s — 1 with F in Q def. 4.1. 

Remark 8 When comparing with Q| one sees again a shift of dimensions from 
n in op. cit. to n — 1 here; T n with coordinates t%,...,t n in op. cit. is our 
T with coordinates t 2 , ■ ■ ■ ,t n . The polynomial P of op. cit. and our s are 
related by s = t\ ■ P. The identification of T \ Z s with Z s _i now gives for the 
Steinberg symbols {P,t 2 ,. ■ ■ , t n } = -{ti, t 2 , . . . , t n } = {ui,u 2 , ■ ■ ■ , u n } if the 
coordinates are ordered such that det M — — 1 . 



Before we can state Batyrev's results we need some definitions/notations, 
[pi def. 2.8 defines an ascending sequence of homogeneous ideals in 5a: 

/i 0) C/i 1) C...C/i" ) c4" +1) (64) 

where 1^ is generated by the elements u m with m in A n Z™ but not in any 
codimension k face of A ; in particular 

4 0) = , 4 X) = C[interior(A) n Z"] , = S+ , = S A (65) 

St is the ideal in 5a generated by the monomials of degree > . 
M p. 3 79 defines a descending sequence of C- vector spaces in 5a: 

. . . D £- k D £- k+1 D . . . D S- 1 D £" D E 1 = (66) 

where £ ~ k is spanned by the monomials u m with deg u m < k . 
[|| def. 7.2 defines the differential operators 

3s 

Di := Ui Oil + Ui ~du ' (i = l,---,n) (67) 

These operate on C[uf 1 , . . . , u^ 1 ] , preserving 5a and . 
[pi thm. 4.8 can be used as a definition: 
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3s 3s 3s 
Definition 6 s is said to be A-regular ifu\ — — , U27; — ■ ■ ■ , u n — — is a regular 

sequence in S\ . 

Theorem 7 (summary of results in 

// s is A-regular, then there is a commutative diagram 

5 A/Er=iAS+ * tf-HZs-i) ^ ^- 1 (T\z 5 ) 

I I (68) 

5 a/£?=iA«Sa ^ tf^TrelZ^) 

in which the horizontal arrows are isomorphisms. These isomorphisms restrict 
to the following isomorphisms relating (f&5|) and ffidQ with the weight and Hodge 
filtrations on iT^^T \ Z s ) and ff"(T relZ s _i) . 
For k = — 1, 0, 1, . . . , n, n + 1 : 

image if in S+ /£™ =1 A5+ 4 Wk+n-iH"- 1 ^ \ Z s ) 

image if in S A D^a % W fe+n _iiI n (TrelZ s _ 1 ) 

imajer 1 m^/j;^]}^ 4 ^"- fe i7"(T rel Z,_ x ) 

proof: The statements for H n ~\T\ Z s ) are theorems 7.13, 8.1 and 8.2 in §. 
The statements about if n (TrelZ s _i) can also be derived with the methods of 
op. tit., as follows. Recall that 7J*(Trel Z 5 _i) is the cohomology of the cone of 
the natural map of DcRham complexes f2~ — * fl' and that this cone complex 

T Z s _i 

is in degrees i and i + 1 



T Z s _! T Z s _! 

(wi,w 2 ) i-» {-duJi,dLJ2+^>i\~ Zsl ) 



(69) 



.A — 



A basis for the C[uf 1 , . . . , u^ 1 ] -module fl~ is given by the forms A . 
Let fl~ denote the subgroup of f2~ consisting of the linear combinations of the 
basic forms with coefficients in C . The standard differential d on fi~ is on 
f2~ . The inclusion of complexes f2~ c — > f2~ is a quasi-isomorphism. So in ( |69| ) 
we may replace Q~ by fi~ ^. 



For the proof of j2J thm.7.13 Batyrev uses the C-linear map 1Z : SJ[ — > f2 z 



n-l 



^(u m ) := (-l) d °s m - 1 (dcgm - 1)! u m ^ A ... A ^ (cf. remark g for the i- 
coordinates). Let us extend this to a C-linear map 1Z : 5a — * fi~ © f2~ _1 

T,0 Z s _! 

by setting 72.(1) = A ... A ^ , 0^ . This induces a surjective linear map 
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~ ~ ds 
<S A — > F"(TrelZ 5 _i) with £" =1 A^a in its kernel. Note D t {\) = it. t — . A 

Olii 

direct calculation shows for i = 1, . . . , n: 




in fl~ f2~ 1 . Therefore 7^. induces a surjective linear map 

T,0 Z s _i 

A simple dimension count now shows that this is in fact an isomorphism. 

The statements about the Hodge filtration and the weight filtration on 
ff n (TrelZ s _i) follow from the corresponding statements for H n ~ 1 (T \ Z s ) and 
from (K 



The principal A- determinant of Gel'fand-Kapranov-Zelevinskii |Ta] is a poly- 
nomial Ea(vi, . . . , vn) S Z[ui, . . . , wjv] such that (see prop. 4.16): 

s is A-regular E&(vi, . . . , Vn) ^ (70) 

./Vow; we wani to wary £/ie coefficients Vj in (jfi^j and work over the ring 

C[v] := C^,...,^,^ 1 ]. (71) 

Let f2* resp. f2* denote the DeRham complex of C[uf 1 , . . . , u^ 1 ] <8> C[v] 
relative to C[v] resp. relative to C . Define on these complexes a new differential 

6 : if resp. f2* -> fT +1 

5cj := dcj + ds A cj (72) 

where d is the ordinary differential on DeRham complexes. 

As a basis for the Cfuf 1 , . . . , w* 1 ] ® C[v]-module SI 1 (resp. fJ 1 ) we take 

tf> • • • > ( res P- ' • • • ' ^f' dVl >- ■ ■ > dUAr ) and extend it: b y takin S wed S e 

products to a basis for Q* (resp. Q* ). Let fi* (resp. ) denote the 

subgroups of f2* consisting of the linear combinations of the given basic forms 
with coefficients in 5a (g> C[v] (resp. £> A (g> C[v] ). Define i7 A (resp. f2 A+ ) in the 
same way as subgroups of f2* . The differential S ( [72] ) preserves these subgroups. 
Thus we get the two complexes 

(n A ,5) : fi A ^0 A ^OX^^r 1 ^•■•^^A + " 

Then 

ff"(Q A ,<5) = (5a/^ =1 A5 a )®C[v] (73) 
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The Gauss-Martin connection 

V : H n (n\,S) -> ff"(fi A ,<5)®fii [v]/c (74) 



on this module is described by the Katz-Oda construction (cf. |L8| §1-4) as 
follows. Lift the given £ € H n (fl^,S) to an element £ in fi?. Then V£ is the 
cohomology class of <5£ € ^a +1 m -^™(^a> ^) ® ^c[v]/C ■ Having V£ one defines 



N ' d 



In particular for /jgAnZ" and 



£„ := cohomology class of A ... A — - 6 H n (Cl\, S) (76) 

Ui u„ 



wc find 



A* = cohomology class of u^+^-^i A... A— (77) 

oiij u\ u n 

= ^+a, (78) 

The form £ M for [i ^ corresponds via ( |73| ) and j^j thm.7.13 with the form ui a 
in (pj); more precisely £ M is the cohomology class of w p modulo i?™ _1 (T). 



Corollary 4 







n 

,t,>o 



9«i 



n 







= for £ eh 



(79) 



(80) 



proof: On the level of differential forms in the complex (0 A , S) the i-th equation 
of (f79j) reads 



A ... A 



<5 (-1) u M A ... A A — A ... A 

U\ Ui-l Ui+l U n 



0|) follows immediately from (f77|). 
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Remark 9 We have essentially repeated the proof of thm. 14.2. There is 
however a small difference: Batyrev uses coefficients in where we are using 
coefficients in 5a ■ His differential equations hold for iJ Tl_1 (T\Z s ) = H n (Q^ + , 6) 
whereas ours only hold in the primitive part PH n ~ 1 (T \ Z s ) . On the other hand 
we can also treat £o- The following theorem shows that this gives an important 
advantage. 



Theorem 8 7/AnZ" = Z> ai + . 

a module over the ring V := C[«i, . . . , vjy , > > ■ ■ ■ > 
of £o i n i s the left ideal generated by the differential operators 



Z>oCIa , then Co generates H n (Q\, 5) as 
The annihilator 



N 

E 

i=i 



_d_ 

dvj 



and 



n 



d 



dv-j 



n 

£j<0 



_d_ 

dvj 



with 1 < i < n and I G L . 

In other words, i/ n (TrelZ 5 _i) = i? n (fi A ,<5) is t/ie hypergeometric X>- module 
in the sense of [ pT| $2.1 with parameters {ax, . ■ ■ , Clj\r} and (3 = 0. 

proof: Let .Mo denote the hypergeometric P-module with parameters j3 = 
and {ai, . . . , Oa} as in jll] section 2.1. By corollary || and formula ( |78|) we have 
a surjective homomorphism of P-modules A4o — ► ff™(f2 A ,<5) . The filtration of 
I? by the order of differential operators induces an ascending filtration on A4q 
and ff"(0 A , S) . It suffices to prove that the above surjection induces an isomor- 
phism for the associated graded modules. According to [jn] prop. 3 gr Mo is 
isomorphic to the quotient of the ring C[x\, . . . ,xn] <£> C[v] by the ideal gener- 
ated by the linear forms 53fLi a ij x j f° r * = l,---,n and by the polynomials 



n 



t } >Q x j 



n 



ij<0 X j 



with I € L . Via the substitution homorphism i— ► u aj 
this quotient ring is isomorphic to the quotient of the ring <Sa<8)C[v] by the ideal 

generated by u\— — , U2tt— , • • • , u n — — . Using (0), (Jt3) and (|67| ) one checks 

that the latter quotient ring is isomorphic to grH n (Q\, S) . HI 



PART II A 



Introduction II A 

In this Part II A we give our results the flavor of Mirror Symmetry by showing 
that for a regular triangulation T which satisfies conditions (|Sl|), (|8^), (|S3|), the 
ring TZa.t is the cohomology ring of a toric variety constructed somehow from 
the dual Gorenstein cone A v and that the ring ^A,T/Annc CO re 1S a subring of 
the Chow ring of a Calabi-Yau complete intersection in that toric variety; more 
precisely the subring is the image of the Chow ring of the ambient toric variety. 

We construct several toric varieties which are also used in || . As we want to 
promote the use of triangulations we give a construction of these toric varieties 
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as a quotient of an open part of C d (d an appropriate dimension) by a torus. 
The torus is related to L and the open part is given by the triangulation T. 
Such a construction of toric varieties is well known (see for instance |l6|). 

7 Triangulations with non-empty core and com- 
pletely split reflexive Gorenstein cones. 

Proposition 3 Assume that T satisfies the following three conditions 

coreT is not empty and coreT = {1, . . . , k} (81) 
core T is not contained in the boundary of A (82) 
T is unimodular (83) 

Then A := R>oai + . . . + M>oCi./v is a reflexive Gorenstein cone of index n and 
the dual cone A v is completely split in the sense of jfy definition 3.9. 

proof: By lemma ^| and hypotheses ( pi] ) and ( |8^ ) the (n — 2)-dimensional 
simplices in the boundary of A are precisely the simplices / \ {i} with I e V 1 
and i — 1, . . . , k. It follows that the dual cone A v is generated by the set of row 
vectors {oj i | / € T 1 , i = 1, . . . , K } where 

a) 7 j := the i-th row of the matrix A^ 1 
Hypothesis ( |S3| ) implies ay,; e Z ,lV for all /, i . By construction 

f >0 for j = l,...,N 
aj,i-Oj = { 1 if j = i (84) 

[ if 1 < j < K , j ? i 

So if we take 

a := oi + . . . + a K el" (85) 

then 

a /,i • ao = 1 for / € T\ i = 1, . . . , k . 

This shows that A v is a Gorenstein cone. Hence A is a reflexive Gorenstein cone 
with index Oq • do = K . 

Every element of A v can be written as J^i i s i,i^i% with all sj,j S R>o • Such 
a sum can be rearranged as J2i=i ti a i with ^ = ^ / s 7 i and a, € Di where 

Di := coiw {al t \ I eT 1 }. (86) 

□i is a lattice polytope in the (n — K)-dimensional affine subspace of R" v given 
by the equations £ • a* = 1 and £ • cij = if 1 < j < n , j 7^ i (cf. (p4])). This 
shows that A v is a completely split reflexive Gorenstein cone of index n in the 
sense of || definition 3.9. 

Note that the dimension of equals n — 2 minus the dimension of the 
minimal face of A which contains {a^ | j S coreT\ {i} } . Kl 
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8 Triangulations and toric varieties 



We assume from now on that T satisfies the conditions i\8q), ( pq 

Take some loGT" and consider the matrix (ity) := AJ A. Then in defini- 
tion |^ the linear forms 

UiiC\ +u i2 C 2 + ■ ■ ■ +umC N (i = l,...,n) (87) 

together with the monomials in (|l4|) give another system of generators for the 
ideal J . The corresponding relations in 7?.a,t for i — 1, . . . , K express ci, . . . , c K 
as linear combinations of c K+ i, . . . , cm- The relations for i = k+ 1, . . . , n do not 
involve c\, . . . , c K . Also the monomials in (Jl4|) do not involve Ci , . . . , C K . 

Let u K +i, . . . ,Un G R n_K be the columns of the matrix (uij) K< i< riiK< j<N ■ 
There is a simplicial fan T' in R™ _K given by the cones 

R^oi 1 ^ + . . . + M>oU, s with ii,...,i a > k and . . . , i s } € T (88) 

i.e. the index set is a simplex in the triangulation T. 

The fan T' is complete iff € R"~ K is a linear combination with positive 
coefficients of the vectors U re +i, . . . ,Ujv. This is equivalent to condition (|S2|). 
Condition ( p3| ) implies that T' is a fan of regular simplicial cones, i.e. its 
maximal cones are spanned by a basis of Z"~ K . 

Combining these considerations with || thm.10.8 or |10| prop. p. 106 we find: 



Theorem 9 // the triangulation T satisfies conditions ( 81 ), (pHy, (pjj), then 
IZ^ ^is isomorphic to the cohomology ring H* (P7-, Z) of the (n— k)- dimensional 
smooth projective toric variety P7- associated with the fan T' ( see definition fy; 
more precisely: 

74 m ^~ff 2m (P r ,Z) , m = 0,l,...,n-K. 
and TZ^T ~ ® f or m > n — k . Kl 



There is much more geometry in those three conditions than was used for 
theorem |[ Consider in R n the fan T consisting of the cones 

R> a n + . . . + R> a ls , {h, . . . , i s } G T. (89) 

The standard constructions produce a toric variety Eg- from this fan. We recall 
the construction of the toric variety Eyas a quotient of an open part of 
by the torus L <E> C * . This torus appears here because L is the lattice of linear 
relations between the vectors 01, . . . , fljv ; by condition ( |83| ) and corollary [l] these 
are exactly the generators of the 1-dim cones of the fan T . 
Take C N with coordinates Xi, . . . , xn and define 

Cf := {{x 1: ...,x N ) eC N \xj ; 7^0 if j&I} for Jef 

Ct ■= IJ C ^ ( 9 °) 
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The torus C acts on C via coordinatewise multiplication. The inclusion 
L C Z N induces an inclusion of tori L®C*cC ,iv . Thus L ® C * acts on . 
For I — . . . , £n) G L , t G C * the element I ® t acts as 

(£<g)t)- (xi, x N ) := {t h xx, t lN x N ) (91) 
Definition 7 E T := C^/L ® C* • 



(yi,...,y n ) i ^ (xi,. .. ,xjv) with = j -j^ 



Take an (JV — n) x A^-matrix B with entries in Z such that the columns of 
B* constitute a basis for L. For / C {1, . . . ,N} we denote by Aj (resp. B/*) 
the submatrix of A (resp. B) composed of the entries with column index in 
I (resp. ml* := {1, . . . , N} \ I ). Consider / = ,i n } G T n . Then 

det(B/») = ±det(A/) — ±1 by condition (|83]). So B/* is invertible over Z. 
From this one easily sees that there is an isomorphism 

C" Cf/L®C* (92) 

Vt if j = it 

Hence E r is a smooth toric variety. The torus C* N / L ® C * = M ® C * acts on 
Ej- and the variety Ex contains M ® C * as a dense open subset. 

One constructs in the same way the toric variety P7- from the fan T' (see 
Now the lattice of linear relations between the generators u K +i, . . . ,Un 
of the 1-dimensional cones of the fan T 1 is the image of the composite map 
L ^-y 7L N -» 7L N - K . This map L -> 7L N - K is also injective. Take C N ~ K with 
coordinates x K +i, . . . ,Xjsr and define 

Cf- K := {(x K+1 ,...,x N )eC N \ Xj ;^ if i ^ Z } for Jef 

C^- K := (J Cf- K (93) 



L (gi C* is a subtorus of C*^ K and acts accordingly; i.e. as in (91) using only 
the coordinates with index > k . 



Definition 8 P T := "/L <8> C* • 



Px is a smooth projective toric variety: smooth for the same reason as E7- 
and projective because the fan T' is complete. Projection onto the last N — n 
coordinates induces a surjective morphism 

vr : E r ^ Pr (94) 

As d9(i| ) puts no restriction on the coordinates x%, . . . ,x K , the fibers of tt are 
complex vector spaces of dimension k ; more precisely, d92| ) gives a trivialization 

Thus: 
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Proposition 4 Eg- has the structure of a vector bundle of rank n over Py. M 

The dual vector bundle E^- — > Pr can be constructed as 

E r := C£/(l®C*)' (95) 

with as in definition 0, but with the action of L <£> C * slightly modified from 
: the element I % t now acts as 

(l®t)-' (x u ...,x N ) := {t-^x 1 ,...,t-^x Kl t^+ 1 x K+1 ,...,t tN x N ) (96) 

For the sake of completeness we also describe the construction of the bundle 
of projective spaces PEy — » Py associated with the vector bundle Ey — > Py. 
Take as before with coordinates x%,..., xn ■ Define for i £ coreTand I £ T l 

Cgj := { (xx, . . . , x N ) e C N | Xl ^ and Xj ^ if j / } 

C& := |J Cft (97) 

iGcore T, 7eT™ 

Write k := (fci, . . . , fcjv)* with fej = 1 if j £ coreTresp. fcj = if j £ coreT, i.e. 
k = (1, . . . ,1,0, . . . ,0)*. Clearly k ^ L. Hence Z-keL C Z N and (Z-keL)<g>C* C 
C*^. Then 

PE r := C&/(z.kffiL)®C*. (98) 
with the morphism PEr — > Py induced from projection onto the last N — k 
coordinates. 

There are two kinds of codim 1 simplices in the triangulation T : those which 
do contain coreTand those which do not. Those which do not contain coreT 
are precisely the ones of the form 7\ {i} with I 6 7 11 and i £ coreT. Notice the 
relation with (|97]). The codim 1 simplices which do not contain coreT constitute 
a triangulation of the boundary of A . Let as in (|85| ) 

do := a% + ... + a K . 

Then Z- k0L C is precisely the lattice of linear relations between the vectors 
ai - ~a , a 2 - itto, . . . , - ioo . Thus we see: 

Proposition 5 PEy is the (n— 1)- dimensional smooth projective toric variety 
associated with the lattice Z(ai — ^Qo) + • • • + Z(a./v — ^<*o) an d the fan consisting 
the cones with apex over the simplices of the triangulation of the boundary of 
— i do + A induced by T. Kl 

9 Calabi-Yau complete intersections in toric va- 
rieties 

According to proposition || conditions (|8l|), (p^ ), ( |83| ) imply that A v is a com- 
pletely split reflexive Gorenstein cone. In M Batyrev and Borisov relate this 
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splitting property to complete intersections in toric varieties. Formulated in our 
present context this relation is as follows. 

A (global) section of — > Pr is given by polynomials Pi(x K +i, . . . ,xn) 
(i = 1, . . . , k) which satisfy the homogeneity condition 

Pitt*^ 1 -x K+1 ,...,t e » -x N ) = ■P i (x K+1 ,...,x N ) (99) 

for every t E C * and £ = (£i, . . . , £jv)* E L . The vector bundle is a direct sum 
of line bundles and the polynomial Pi gives a section of the i-th line bundle. 

The polynomial Pi is a linear combination of monomials x K ?i 1 ■ ■ ■ • • x^ N 
such that 

l K+ im K+1 + . . . + Inttln = —t-i for all I = (ti, . . . , £n) € L . 

These monomials correspond bijectively to the elements (mi, . . . ,toat) in the 
row space of matrix A which satisfy m, = 1, nij = if 1 < j < K,j ^ i and 
nij > if j > K . Equivalently, these monomials correspond bijectively to the 
elements w E Z™ v which satisfy 

r >0 forj = I,---, N 
w- a 3 ■ = I 1 if j = * (100) 
1 if 1< j < K) j^i 

So the monomials in the polynomial Pi correspond bijectively to the integral 
lattice points in the polytope Dj; see (|86|). 

The zero locus of the section of Ej- — > Pr corresponding to the polynomials 
Pi(x K +\, . . . , a; at) [i — 1, . . . , k) is clearly the complete intersection in Pr with 
(homogeneous) equations 

Pi(x K+ i,...,x N ) = (i = l,...,«) (101) 

If the coefficients of these polynomials satisfy a A v -regularity condition, then 
this complete intersection is a Calabi-Yau variety Y of dimension n — 2k . 

The ring 1Za,t is isomorphic to the cohomology ring of the toric variety P7-. 
The elements — ci, . . . , —c K are the Chern classes of the hypersurfaces associated 
with the polynomials Pi, . . . , P K . With as before c core = C\ ■ . . . ■ c K , the ring 
^A,r/Annc corc is isomorphic to the image of H*(¥q-, Z) in H*(Y,Z). 

Conclusions 

Consider the map v : C JVv -> C A ' V , v(^i , . . . , z N ) := (e 2x,; 21 , . . . , e 2 ™ z " ) . 
According to |lj| p. 304 cor. 1.7 there is a vector b E Ct such that 

Sa(v(z)) 7^ for all z e C Wv such that p(9z) G 6 + Ct', (102) 

here p : K. iVv — * denotes the surjection dual to the inclusion L Z". This 
shows how one can replace the domain of definition Vt of the functions ^T,p 
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(cf. by a slightly smaller domain V^-such that on v(V r ) the function 

is nowhere zero. The 2?-module H n (T rel Z s _i) is therefore defined on v(V^-); 
cf. theorem |. Its pullback to V' T is the X> T -module # n (TrelZ s _i) ® Or, 
where Or denotes the ring of holomorphic functions on V T and Vq- denotes 
the corresponding ring of differential operators. 

The functions *&t,/3 are also defined on the domain V' T and 

T^-A.r ® Or is a 2?r-niodule with 7?-A.r as its group of horizontal sections. 
The following theorem summarizes the results of this paper: 

Theorem 10 Let {oi, . . . , a^v} be a finite subset ofZ n which satisfies condition 
. Let A :— R>oOi + . . . + R>oa./v be the associated Gorenstein cone and A := 
conv{ai, . . . , a N } ■ 

(i) . // there exists a unimodular regular triangulation of A, then condition Q 
is satisfied and Oi, . . . , Ojv generate Z™, i.e. 

AnZ" = {ai,...,ajv} and M = Z" . (103) 



(ii) . For every unimodular regular triangulation T there is an isomorphism of 
Vf-modules on V' r : 

iJ™(TrelZ 5 _i)®O r ^ K^ r ®0 T (104) 

through which £o corresponds with ^r,o- More generally f M corresponds 
with *r-^ «/m € A n Z" . 

(iii) . In particular if K is a reflexive Gorenstein cone of index k and 1 is a 

unimodular regular triangulation, then W n H n (T rel Z 5 _i)<g>Or is generated 
as a T>q--module by £ ao and corresponds via (104) with the sub-T>q--module 
ofR-h,r® Or generated by ^r,-a ■ 
Moreover £ ao has weight n and Hodge type (n — n, n). 

(iv) . If A is a reflexive Gorenstein cone and T is a unimodular regular triangu- 

lation with non-empty core, then (IO4) induces an isomorphism 

W n H n (TielZ s _ 1 )®0 T s c corc ^ A .r®O r , s 

(105) 

~ ^A.r/Ann c corc <8> Or 



(v). Now assume T satisfies conditions (\8j\), (8i.), (|<§4A i.e. T is a unimodular 
regular triangulation whose core is not empty and is not contained in the 
boundary of A . Then 

(a) A is a reflexive Gorenstein cone. 
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(b) IZa.t is isomorphic to the cohomology ring H*(J?t, Z) of the (n— k)- 
dimensional smooth projective toric variety P7-: 

K<j$ ~ H 2m (¥ T , Z) , m = 0, 1, . . . ,n - k (106) 

and m particular for m — 1 ; — PicQP-j-) . 

(c/ 1 c corc = c K (E 7-) , i/ie top Chern class of the vectorbundle E 7- . 

(cZJ The zero locus of a general section of the dual vector bundle E^ is 
an n — Ik- dimensional Calabi-Yau complete intersection in P7-. 

(e) 

H n (f relZ s _i) <g> O r H*(¥ T , Z) ® Or (107) 
W„ J ff"(TrelZ s _ 1 )®C T c K (E r ) i?*(P r ,Z) ® O t (108) 

f/y 1 2Vie monodromy representation is isomorphic to the representation 
of Pic(F T ) on H*(V T ,Z) ( resp. on c K (E T ) H*(P T ,Z) ) in which 
the Chern class c\(C) of a line bundle L acts as multiplication by 
exp(ci(£)) . 

Proof: (i): corollary E. (ii): theorems || and ||, formulas ([TJ]) and flr8[) . (iii): 
formulas (^6h, (ftsj), ( p5[ ) and theorem 0. (iv): corollary || and theorem |6[ (va): 
propositi on |3|. (v6): theorem p| and corollary p], (vc): section^, (vrf): section 
|. (ve): p^ ) and fll05| ). (v/): formula (0). HI 

All cases which have on the A-side of mirror symmetry a smooth complete 
intersection Calabi-Yau variety in a smooth projective toric variety, are covered 
by this theorem. Indeed, a smooth projective toric variety P of dimension d can 
be constructed from a complete simplicial fan in which every maximal cone is 
generated by a basis of the lattice 7L d . Let Ui, . . . , u p € 1 d be the generators of 
the 1-dimensional cones in the fan and let 

L := {(mi, . . . , trip) € Z p I miUi + . . . m p u p = } 

The toric variety P can also be obtained as the quotient of a certain open part 
of C p by the action of the subtorus L<g> C* of (C*) p . The Calabi-Yau complete 
intersection Y of codimension k in P is the common zero locus of polynomials 
P±, . . . , P K which are homogeneous for the action of L ® C*. The homogeneity 
of Pi is given by a character of this torus, i.e. by a linear map Xi '■ L ~~ * Z . Now 
set N = p + k and n = d + k . Let 

L : = {(-Xi(m), . . . ,-x K (m),mi, . . . ,m p ) eZ w | m = (mi,.. . ,m p ) £ L } . 

Then L has rank N — n. The Calabi-Yau condition for Y implies £1 + . . .+£n — 
for every £ = (£1, . . . , £n) e L. 

Let B be an (N — n) x Y-matrix with entries in Z such that the columns of 
B* constitute a basis for L . Let A be an n x Y-matrix of rank n with entries 
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in Z such that A • B* = . Then the columns m, • • • , Cljv of A satisfy condition 
|l|. One obtains a regular triangulation of A := convjai, . . . , a at} which satisfies 
the three conditions (|8l|), (|82|), (|8^), by taking as its maximal simplices all 
conv{ai, . . . i i K , a K -\-i 1 , ■ ■ ■ , <x K -\-i d \ for which Ujj , . . . , Ui d span a maximal cone in 
the fan defining P. 
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